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On the orbital motion of a rotating inner cylinder in annular flow
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SUMMARY

In this paper, numerical calculations have been performed to analyse the influence of the orbital motion
of an inner cylinder on annular flow and the forces exerted by the fluid on the inner cylinder when it
is rotating eccentrically. The flow considered is fully developed laminar flow driven by axial pressure
gradient. It is shown that the drag of the annular flow decreases initially and then increases with the
enhancement of orbital motion, when it has the same direction as the inner cylinder rotation. If the
eccentricity and rotation speed of the inner cylinder keep unchanged (with respect to the absolute frame
of reference), and the orbital motion is strong enough that the azimuthal component (with respect to
the orbit of the orbital motion) of the flow-induced force on the inner cylinder goes to zero, the flow
drag nearly reaches its minimum value. When only an external torque is imposed to drive the eccentric
rotation of the inner cylinder, orbital motion may occur and, in general, has the same direction as the
inner cylinder rotation. Under this condition, whether the inner cylinder can have a steady motion state
with force equilibrium, and even what type of motion state it can have, is related to the linear density of
the inner cylinder. Copyright q 2006 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The effect of inner cylinder rotation and eccentricity on the frictional pressure loss in annular
flow has attracted much research attention. This type of annular flow has been widely investigated
for both Newtonian and power-law fluids when the inner cylinder is rotating at different angular
velocities and eccentricities. Recent work in this field had been reported in References [1–6].
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In all these studies the axis of the rotating inner cylinder is stationary with respect to the outer
cylinder. The flow is often conveniently considered fully developed in the axial direction driven
by the axial pressure gradient. It has been reported that interaction of the eccentricity of the inner
cylinder and the axial flow can inhibit the instability in the annular flow caused by the inner
cylinder rotation [7].

In practical situations like the drilling process in the oil industry, the inner cylinder, or the drilling
rod, often makes orbital motion when it is eccentric and rotating about its own axis. Engineers are
well aware of the effect of the orbital motion which, in addition to the effects of eccentricity and
rotation, causes the drag and, hence, the pressure loss along the annulus to change considerably.
However, it is surprising that, despite its practical importance, this type of flow has not been well
studied yet. Knowledge is still limited about how the orbital motion, in combination with inner
cylinder eccentricity and rotation, influences the flow patterns and the frictional pressure loss in the
annulus. One reason might be that the extra numerical difficulties could become insurmountable
if the orbital motion behaves in an arbitrary manner.

To elucidate the orbital motion, the forces by fluid on the inner cylinder shall be calculated and
analysed. There had been some work devoted to computing the forces on the cylinders when the
inner cylinder is rotating eccentrically. Ballal and Rivlin carried out asymptotic analysis of the
flow in the annulus when both the outer and inner cylinders are rotating and derived an asymptotic
expression for the resultant force on the inner cylinder [8]. Escudier et al. analysed the distribution
of axial shear stress on the cylinders, but their work was short of providing forces caused by the
surrounding fluid on the inner cylinder [4].

In this paper the orbital motion of the inner cylinder is considered to be circular at constant
angular velocity � around a centre that coincides with the origin of the outer cylinder. In this way,
the numerical computational effort can be greatly reduced, to a level similar to that required for an
eccentric annular flow without orbital motion. This mathematical and numerical simplification is
achieved through the introduction of a non-inertial reference frame which is fixed with the orbital
motion. The direction of the orbital motion is, in the present study, mainly in the same rotating
direction as that for the inner cylinder. In this way the orbital motion is in accord with the force
acting on the inner cylinder by the surrounding fluid. It will be shown that there exists a possible
state of flow-induced orbital motion in which a torque is exerted externally on the inner cylinder
due to the inner cylinder rotation.

The paper is organized as follows: the governing equations for flows to be solved are stated in
Section 2. An outline of the numerical method is also presented in this section together with its
validation. In Section 3, the influence of the orbital motion speed on the annular flow is discussed,
along with results concerning the surface force on the inner cylinder. In Section 4, the evolution
of the resultant force on the inner cylinder with orbital motion is discussed. Concluding remarks
are stated in Section 5.

2. NUMERICAL METHOD

2.1. Governing equations and numerical procedure

When an eccentric inner cylinder rotates about its own axis and takes orbital motion about the axis
of the outer cylinder with a constant speed, the flow in the annulus can be appropriately formulated
by employing a rotating frame of reference which rotates about the axis of the outer cylinder with
the same angular velocity as that of the orbital motion (sketched in Figure 1).
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Figure 1. Sketch of a rotating inner cylinder with orbital motion in an annulus.

The momentum equation of the fluid in the rotating frame of reference can be written as [9]
�u
�t

+ (u·∇)u= − 1

�
∇ p + �∇2u + f − 2X×u −X× (X× r) (1)

where the vector u is the velocity of a fluid particle in the rotating frame of reference, f is the body
force per unit mass. The last term in the above equation represents the centrifugal force and the
second from the last term is the Coriolis force resulting from the introducing of the non-inertial
frame which rotates with a constant angular velocity X.

The flow governing equations in the non-dimensional expanded form for the incompressible
Newtonian flow in the rotating reference frame can be written as follows:
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�ux
�x

+ �uy

�y
+ �uz

�z
= 0 (2)

Momentum equations:

�ux
�t

+ ux
�ux
�x

+ uy
�ux
�y

+ uz
�ux
�z

= − �p
�x

+ 1

ReR
∇2ux + 2

ReO
ReR

uy +
(
ReO
ReR

)2

x

�uy

�t
+ ux

�uy

�x
+ uy

�uy

�y
+ uz

�uy

�z
= − �p

�y
+ 1

ReR
∇2uy − 2

ReO
ReR

ux +
(
ReO
ReR

)2

y

�uz
�t

+ ux
�uz
�x

+ uy
�uz
�y

+ uz
�uz
�z

= − �p
�z

+ 1

ReR
∇2uz

(3)

Here the non-dimensional variables are defined as

ui = ui
�RI

, xi = xi
�

, t = t�RI

�
, p= p

�(�RI)2
, ReR = ��RI�

�
, ReO = ���2

�
(4)

The last term in the first and second equations of Equation (3) represents the centrifugal force, and
the second last term denotes the Coriolis force. They are non-inertial terms. Velocities obtained
from these equations are therefore relative to the rotating reference frame. The boundary condition
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Figure 2. The geometric grid in the cross-section (x–y) plane (92× 32) for radius
ratio � = 0.5 and eccentricity � = 0.5.

requires the circumferential velocities at the inner and outer cylinders to be �′RI and −�RO,
respectively, where �′ =� − � is the angular velocity of the inner cylinder in the rotating frame
of reference. The inner cylinder rotation and the orbital motion are in the same anticlockwise
direction. A great advantage of adapting the non-inertial reference frame rotating about the axis of
the outer cylinder with the same angular velocity is that the orbital motion in the inertial reference
frame is now converted to a rotating outer cylinder boundary condition in a non-inertial reference
frame. In the following analysis the over-bars on the non-dimensional variables are omitted for
convenience unless otherwise specified.

The annular flow considered is thought to be fully developed, thus 2-D and steady, before the
transition to Taylor vortex flow, when formulated in the above rotating frame of reference. When
the inner cylinder rotation is strong, Taylor vortices may occur so that the flow is no longer fully
developed in the axial direction. In a situation such as eccentric annular flow, there is still no
guideline to distinguish whether a given flow in an annulus is fully developed or not. This brings
uncertainties to the numerical results when a 2-D code is used. Thus, in our work a 3-D code is
used and a time-marching approach is adopted.

The numerical discretization of the governing equations adopts the popular finite-volume ap-
proach. Collocated and, generally, non-orthogonal grid mesh is used in the calculations. The
momentum interpolation procedure is applied to avoid spurious oscillations usually encountered
with the non-staggered grids. The convective term is approximated with the QUICK scheme while
the viscous diffusion term is discretized with the second-order central difference scheme. The de-
ferred correction approach is used in order to ensure numerical stability for the convective terms.
SIMPLE algorithm is employed to treat pressure–velocity coupling in the numerical simulation.
The time-marching approach is adopted to solve the steady, or possible non-steady, problem.
A fully implicit scheme is implemented here which employs three time levels and thus has
a second order accuracy. Details about the discretization and algorithm can be found in
Reference [10].

The present calculations are carried out in a boundary-fitted grid system, the wall of the inner
or outer cylinder demonstrates as a series of nodes with constant I- or J-indices (see Figure 2). The
non-slip boundary conditions are applied and easily achieved by designating the velocities of these
nodes according to that of the corresponding cylinder wall. The periodical condition is applied in
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the circumferential direction, which is achieved by the overlapping of the nodal variables at the
two layers at the inlet and the exit, respectively. Totally four layers of computational nodes are
overlapped.

As for a flow driven by the pressure gradient, the pressure here can be expressed with p(x, y, z)=
−�z+ P(x, y, z) where � is a constant, representing the overall pressure gradient imposed on the
flow and P(x, y, z) behaves in a periodic fashion. The constant pressure gradient term � is added
as a body force term. Thus, the periodic condition can also be employed in the axial direction
for velocity and the modified pressure P . The flow rate or the axial Reynolds number is thus
intrinsically related to the pressure gradient. The implementation of the axial periodic condition is
analogous to that used in treating the periodic condition in the circumferential direction, also by
the overlapping of the nodal variables.

Appropriate mesh is essential for reliable numerical simulation. The ratio of inner to outer
cylinder radius of the annulus, �, is fixed as 0.5. The co-ordinate system is centred on the outer
cylinder axis. In the annular cross-section (x–y) plane, drag force is a function of the shear strain
at the boundary by definition. In order to correctly reflect this feature, progressively finer meshes
are applied near the inner and outer cylinder surfaces. In the circumferential direction, the grid
mesh is symmetric with respect to the x-axis. At each angular position of the inner cylinder the
angular width keeps constant. The angular width of the grid grows progressively larger in the
anti-clockwise direction in the upper part (clockwise in the lower part) with a constant ratio a little
greater than unity. In the axial direction, a uniform grid is deployed. It should be noted that the
grids can either be related inertial or non-inertial frames of reference. In the latter case, the grid
mesh actually rotates with the same angular velocity as the orbital motion. The computational grid
in the cross-section (x–y) plane is shown in Figure 2 with � = 0.5, �= 0.5 and grid number 92× 32
(in the circumferential and radial direction, respectively). The corresponding computational nodes
centre in the cells of the grid mesh.

2.2. Validation

For fully developed laminar flow, the grid number in the axial direction is not important. The
precision of the numerical solution is determined by the grid density in the cross-section (x–y)
plane. Here, the annulus depth � and only 6 grids in the axial direction are applied to benefit the
determination of the grid number in the cross-section (x–y) plane. A systematic grid refinement
study for annular flow is performed using three progressively finer grids: 92× 32× 6, 138× 48× 6
and 182× 62× 6 (in the circumferential, radial and axial directions, respectively) for the calculation
of the fully developed laminar flow. The flow rates on the 92× 32× 6 grid are within 0.25% of the
exact values (analytical solutions) for concentric annular flow, when the inner cylinder is rotating
and the fluid is driven by a pressure gradient. The torques per unit length on the inner cylinder in a
concentric annulus calculated using the 92× 32× 6 grid are also compared with the corresponding
analytical solutions. The discrepancies are within 0.22%. In the eccentric annulus case, there are
no complete analytical solutions. The uncertainties of the numerical results are determined by
comparing the results obtained for eccentricity 0.5 and 0.98 on the 92× 32× 6 grid with those on
the 182× 62× 6 grid. The resulting discrepancies in flow rate are 0.13 and 0.74%, respectively.
The discrepancies for the torques on the inner cylinder are within 0.06 and 0.87%, respectively.
The distributions of the axial and circumferential components of velocity and the shear stress on
the surface of the inner cylinder calculated on different grids were also compared. They agree well
with each other.

Copyright q 2006 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2007; 54:155–173
DOI: 10.1002/fld



160 S. FENG, Q. LI AND S. FU

0.0 0.2 0.4 0.6 0.8 1.0
14

16

18

20

22

24

26

fR
e

ε

Escudier et al.
present

Figure 3. Comparison of the present f ·Re with that by Escudier et al. [4] (� = 0.5,Ta= 50 000).

-4 -3 -2 -1 0 1 2 3 4
0

1

2

3

4

5

6

7

τ S
Z
R

I/µ
U

φ (rad)

Escudier et al.
present

Figure 4. Comparison of the present distribution of the axial component of the shear stress on the inner
cylinder with that by Escudier et al. [4] (�= 0.5, � = 0.8 and Ta= 4200, here 	SZ is dimensional).

Instability may occur if the rotation of the inner cylinder is strong enough and the flow can
no longer be considered as fully developed and 2-D. To ensure that the 3-D and unsteady ef-
fects are captured, the 92× 32× 60 grids and unsteady solution approach are employed in the
test simulation. The results demonstrate that the steady and grid independent numerical solution
are obtained, indicating that the flows considered in this paper are indeed fully developed and
laminar.

Variation of f ·Re with respect to � when the inner cylinder is eccentrically rotating (its centre is
kept stationary with respect to the outer cylinder) in our calculations agrees well with that reported
by Escudier et al. [4], see Figure 3. The azimuthal distribution of the axial component of shear
stress on the surface of the inner cylinder is also compared with that of Escudier et al. [4], where
� = 0.8 and only the inner cylinder is rotating. The discrepancies are also small (Figure 4).
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Validation calculations have been done for the case in which the inner cylinder has orbital
motion with respect to the axis of the outer cylinder. As experimental data and numerical results
concerning this situation are very limited, the case where the inner cylinder rotates concentrically
is used for validation. This situation can be considered as a special case of the orbital motion when
the radius of the orbital motion is zero. The calculations in the inertial and rotating frames have
exhibited identical results.

3. THE INFLUENCE OF ORBITAL MOTION ON ANNULAR FLOW

In this paper, all the cases calculated are under the condition that the rotational Reynolds number
ReR = 125 (related to the angular velocity of the inner cylinder) and the non-dimensional axial
pressure gradient �= 10/125. The inner cylinder, with eccentricity �, makes an orbital motion
with the orbital Reynolds number ReO. Since we are mainly interested in the flow-induced orbital
motion, and the flow-induced forces have the effect of pushing the inner cylinder to move with
the same direction as its rotation (can be seen in the following context), emphasis is placed on
this type of orbital motion.

3.1. Flow patterns and distribution of pressure

Eccentric rotation of the inner cylinder in the annulus always generates a recirculation eddy when
the eccentricity is not small, which significantly changes the distributions of pressure and velocity
in the annulus, and also the drag [4, 5]. Generally, the flow patterns are plotted and analysed in a
rotating frame for rotating problems. But here it seems that the evolution of flow patterns is better
illustrated in the absolute frame than that in the rotating frame. Thus, hereafter, the flow patterns
are all plotted in the absolute frame of reference.

The left figures in Figures 5(a)–(d) show the evolution of the recirculation eddies in a cross-flow
section with orbital motion at � = 0.5. Here, 
 is the relative intensity of the orbital motion defined
as 
 =ReO/ReR =��/�RI. When 
 = 0, i.e. the inner cylinder has no orbital motion, the recircu-
lation eddy occupies most part of the wide gap (the left figure in Figure 5(a)). When the orbital
motion (with the same direction as the inner cylinder rotation) is enhanced, the area of the re-
circulation eddy is suppressed, moving to the upper part of the wide gap when 
 = 0.1. When

 = 0.15, the recirculation eddy is flattened and pushed towards the outer cylinder wall further.
It nearly disappears at 
 = 0.2. With further increase of 
 the recirculation eddy would disappear
totally and the flow streamline patterns would change little thereafter. During this procedure, the
maximum of the axial velocity increases slightly. Variations of the flow patterns with respect to
the orbital motion at other eccentricities such as 0.35, 0.7 and 0.85 are analogous to that at �= 0.5.
The distributions of the axial velocity are shown in the right figures in Figures 5(a)–(d). Along
with the enhancement of orbital motion, there is a small increase in the maximum axial velocity.

Figure 6 shows the contours of the non-dimensional pressure (p·ReR) at different 
 when �= 0.5.
When 
 = 0, the region with high pressure is positioned at the upper-left part of the annulus, just
on the wall of the outer cylinder (with an azimuthal angle of about 110◦ with respect to the widest
gap), and the region with the lowest pressure is located at the lower-left part of the annulus, just
on the inner cylinder (with the azimuthal angle of 190◦ or so). Along with an increase of the
orbital motion speed, the regions with high and low pressure move anti-clockwise. As can be seen
from Figure 6, when 
�0.3, the region with high pressure moves to the lower part of the annulus.
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Figure 5. Influence of orbital motion on crossflow streamlines (the column on the LHS) and
contours of uz/U for �= 0.5 (the column on the RHS), here uz is the axial velocity: (a) 
= 0;

(b) 
= 0.1; (c) 
= 0.15; and (d) 
= 0.2.
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Figure 6. Influence of orbital motion on the distribution of the non-dimensional pressure (p·ReR).

The region with the lowest pressure moves anti-clockwise quickly when 
 changes from 0 to 0.1,
and when 
�0.1 this region is always positioned at the right part of the inner cylinder, close to
the inner cylinder wall. During the enhancement of the orbital motion, the difference between the
highest and lowest pressure levels increases significantly.

3.2. Distribution of shear stress on the inner cylinder

Figure 7 shows the distribution of the azimuthal shear stress on the surface of the inner cylinder at
different eccentricities when the inner cylinder is rotating without orbital motion. Obviously, the
distributions of the azimuthal component of surface shear stress are usually not uniform. The extent
of this non-uniformity is related to �. The larger � is, the stronger the extent of the non-uniformity
is. Though at each � the distribution of the azimuthal shear stress seems symmetrical with respect
to the narrowest gap (at the azimuthal angle of 180◦), this is not really true. Ballal and Rivlin
studied the low-Reynolds flow in the annulus where both the inner and the outer cylinder are
rotating, and found an asymptotic solution for the azimuthal shear stress on the surface of the
inner cylinder [8]. Actually the first term of their solution (the main term) is symmetrical with
respect to the narrowest gap, however, the second term (the correctional term) is antisymmetric.

It is clear that the azimuthal shear stress is relatively large at places near the narrowest gap,
manifesting as two peaks, especially at large eccentricities. In the place just at the narrowest gap,
contrary to common sense, the azimuthal surface shear stress reaches a minimum.

Figure 8(a) shows the distributions of azimuthal shear stress on the surface of the inner cylinder
at different 
. As for the azimuthal shear stress, when 
<0.1 it is the place near the narrowest
gap where the azimuthal shear stress is close to its minimum value. With the enhancement of the
orbital motion, the amplitude of the azimuthal shear stress in this place also increases gradually,
approaching a maximum. The azimuthal surface shear stress in the area with phase angle � close
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Figure 7. Azimuthal distributions of the azimuthal component of the surface shear stress on the inner
cylinder at different eccentricities without the orbital motion.
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Figure 8. Distribution of surface shear stress on the inner cylinder at different speeds of orbital
motion: (a) azimuthal component; and (b) axial component. Numbers on the lines denote the

relative intensity of orbital motion, 
.

to 320◦ has a direction opposite to that of the inner cylinder rotation when 
 = 0. Its amplitude
decreases gradually with increasing 
. In fact, when the inner cylinder is rotating with orbital
motion, the cross-section flow can be considered as the combination of the flow activated merely
by the inner cylinder rotation, and the flow around the inner cylinder with translation. In this
way the characteristics of the azimuthal shear stress variation versus orbital motion can be easily
explained. If the rotation speed of the inner cylinder keeps unchanged, the strong flow from the
translation (corresponding to strong orbital motion) would result in the strong shearing of the flow
near the narrow gap. Thus, it is reasonable that the amplitude of the surface shear stress on that
place of the inner cylinder increases with the enhancement of orbital motion. On the other hand,
the flow induced by the orbital motion near the wide gap is in an opposite direction to that from
the rotation, thus decreases the azimuthal shearing on the surface of the inner cylinder.
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Figure 9. Variation of the torque exerted by the fluid on the inner cylinder (a) and the axial Reynolds
number Re with orbital motion (b).

Figure 8(b) shows the distribution of the axial shear stress on the inner cylinder. When 
 = 0,
the place near the narrowest gap has the largest axial shear stress. With the enhancement of orbital
motion, the axial shear stress in this position decreases gradually, and then turns to have the lowest
shear stress. During this procedure, the axial shear stress on the upstream surface of the inner
cylinder increases.

The torques exerted by the surrounding fluid on the inner cylinder are shown in Figure 9(a).
Obviously, along with the enhancement of orbital motion, the torque always decreases monotoni-
cally, and the torque at large � is generally larger than that at lower �. The variation of the axial
Reynolds number Re with the speed of orbital motion is given in Figure 9(b). When the direction
of orbital motion is opposite to that for the inner cylinder rotation (for example, in the case of

 = − 0.1), Re generally decreases, demonstrating the increase in flow drag. When the orbital
motion has the same direction as the inner cylinder rotation, along with the enhancement of orbital
motion Re usually increases initially, and then reaches a maximum value before decreasing. This
is more evident at large eccentricities. At all � studied here there exists a critical intensity for
the orbital motion at which Re achieves a maximum (meaning the flow drag is lowest). Figure 9
shows that this critical intensity for orbital motion is generally positive, demonstrating that both
the orbital motion and the inner cylinder rotation have the same direction. When � = 0.95 or 0.98,
the variation of Re with 
 is markedly different from that at small eccentricities: the axial Re is
even lower than that at �= 0.85 when 
<0.03. This is not surprising owing to the effect of the
strong secondary flow activated by the inner cylinder rotation, which has significant influence on
the flow drag when � is very large.

4. FORCES EXERTED ON THE INNER CYLINDER

4.1. The forces without orbital motion

When the inner cylinder is rotating eccentrically, it is possible to show that the orbital motion of
the inner cylinder may be induced with the forces exerted by the surrounding fluid. The analysis
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Table I. Dimensionless forces on the inner cylinder surface (ReR = 125,ReO = 0, � = 10/125).

� 0.2 0.35 0.5 0.7 0.85 0.95 0.98

FX ( × 10−2) FX −9.68 −12.81 −11.66 −2.95 16.48 48.84 67.99
FXs −0.22 −0.21 −0.08 −0.03 −0.58 −1.82 −2.56
FXp −9.46 −12.60 −11.58 −2.92 17.06 50.66 70.55

FY ( × 10−2) FY −6.66 −10.45 −13.09 −16.84 −25.31 −48.25 −77.35
FYs −1.00 −1.46 −1.65 −1.34 1.33 14.42 36.70
FYp −5.66 −8.99 −11.44 −15.50 −26.64 −62.67 −114.05

is shown as follows. The forces and the moment on the inner cylinder are all obtained by post-
processing.

Mathematically, in a polar co-ordinates (r, �), the azimuthal shear stress is defined as

	SA = 	r� = �

(
�u�

�r
− u�

r
+ 1

r

�ur
��

)
[9] (5)

In the situations considered here, the rotating frame is fixed with the orbital motion. This means
ur = 0 and u�/r = �′ on the wall of the inner cylinder, thus the azimuthal component of the shear
stress on the inner cylinder can be expressed by

	SA = �

(
�u�

�r
− �′

)
(6)

Projecting the pressure p and the azimuthal shear stress 	SA on the surface of the inner cylinder
on the x- or y-direction and integrating the resulting force along the inner cylinder surface (per
unit length in the axial direction), one can easily obtain the expressions of FX and FY :

FX = RI

(
−
∫ 2�

0
p(�) cos � d� + �

∫ 2�

0

(
�u�

�r
− �′

)
sin � d�

)
(7)

FY = RI

(
−
∫ 2�

0
p(�) sin � d� − �

∫ 2�

0

(
�u�

�r
− �′

)
cos � d�

)
(8)

The moment exerted by the surrounding fluid on the inner cylinder is

M = �R2
I

(∫ 2�

0

(
�u�

�r
− �′

)
d�

)
(9)

The x- and y-components of the non-dimensional resultant force per unit length exerted by the
surrounding fluid on the rotating inner cylinder are tabulated in Table I without orbital motion. FX
is the ‘radial’ component of the non-dimensional flow-induced force per unit length (see Figure 1),
FX = FXs + FXp, where FXs, FXp denote the forces contributed by the azimuthal shear stress and
the pressure on the surface of the inner cylinder, respectively. FY is the ‘tangential’ component of
the flow-induced force per unit length on the inner cylinder acting in the y-direction for possible
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Figure 10. Influence of orbital motion on the resultant force FX and FY : (a) FX ; and (b) FY .

orbital motion. FYs and FYp are those contributed by the azimuthal shear stress and pressure,
respectively.

The forces FX and FY determine the transverse motion of the inner cylinder due to rotating.
As can be seen from Table I, the force FX changes sign between �= 0.7 and 0.85. Thus, there
exists a critical eccentricity, �cr = 0.73, where FX = 0. When �<�crFX is always negative, showing
that the inner cylinder is pushed towards the outer cylinder, for �>�cr it is pushed towards the
centre. It is also shown that FX increases sharply when � approaches 1. In the y-direction, i.e. in
the direction tangential to the orbit, FY is always negative no matter what � is. This shows that the
tangential component of the resultant force has the same direction as the inner cylinder rotation.
The amplitude of FY increases monotonically with respect to �. Thus, the eccentric rotation of the
inner cylinder causes itself to move along the same direction as the inner cylinder rotation.

It can also been seen from Table I that the resultant force caused by the surface pressure
contributes the main part of the total flow-induced force for both FX and FY . Obviously, the
transverse motion of the inner cylinder is mainly activated by the surface pressure. Only when � is
vary large can the azimuthal shear stress play a role comparable to that of pressure (see FY when
� = 0.98 in Table I).

4.2. Variation of the forces with orbital motions

The variations of FX and FY with 
 are shown in Figure 10. When 
>0 FX and FY are both
increasing monotonically with respect to 
. When � is relatively small and the orbital motion is not
so strong, FX<0, and thus has a tendency to push the inner cylinder outwards. With increase of 
,
FX increases steadily and becomes positive, thus having a tendency to push the inner cylinder into
a situation with lower �; FY increases also to become positive, thus having a tendency to inhibit
the orbital motion itself when the orbital motion is strong enough.

At different � the orbital motion influences FX and FY in different manners. In the range
of 
 calculated, when � is lower than �0 (0.7<�0<0.85), the curve of FX seems convex, and
for �>�0, concave. Figure 10 also shows the variation of FX with respect to 
. Incidentally,
when �= �cr = 0.73, the curve manifests nearly a straight line. However, to prove this equality
mathematically is difficult owing to the non-linearity of the flow. Further studies are required to
understand the convex nature of the curve in the figure when �<�0 and concave when �>�0.
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Figure 11. The influence of orbital motion on FX–FC when �l = 10.83.
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Figure 12. The axial Re when FY = 0 and the maximum Re that can be achieved for different eccentricity.

If the inner cylinder is free to move by the flow-induced forces, its motion will be related to
the linear density of the inner cylinder. The variation of FX–FC with respect to 
 is shown in
Figure 11 with the non-dimensional linear density of the inner cylinder �l = 10.83. The curves are
convex and at each eccentricity, there are two values of 
 at which FC can be balanced by FX
(FX–FC = 0). When �= 0.95 and 0.98, the curves are all above the line of FX–FC = 0. This is
because of the limited range of 
. The 
 corresponding to the right zero point is always positive.
As to the left zero point, when �>0.85 the corresponding 
 is always negative. As to other values
of �l, variations of FX–FC with respect to �l are similar to that shown in Figure 11. A phenomenon
should be pointed out that, when �l is large enough and � is small enough, FX–FC would always
be negative.

At any eccentricity, there exist a 
>0 at which the tangential component (with respect to the
orbit of orbital motion) of the flow-induced force is zero (FY = 0). Then the corresponding axial Re
is plotted for every � in Figure 12. For every �, the maximum Re that the annular flow can achieve
is also plotted in Figure 12. Actually, for each � it is the maximum value on the corresponding
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Figure 13. The relative intensity of orbital motion corresponding to FX–FC = 0 or FY = 0.

line in Figure 9(b). It is clear that the discrepancy between these two lines is small (the maximum
relative error is 1.85%). This shows that when the inner cylinder is making an orbital motion at a
given � and at the state of FY = 0, the flow rate of the annulus is very close to the largest Re that
the annular flow could achieve at that �. That is, the flow drag nearly achieves the lowest value
under that special �. The present calculations at some other rotating Reynolds number ReR and
axial pressure gradient � also give the analogous results.

The variation of Re with respect to � when the inner cylinder is rotating without orbital motion
is also shown in Figure 12. It is seen clearly that the drag in this condition is larger than either of
those under the above two conditions.

4.3. Features of flow-induced orbital motion

Based on the above results, we can analyse the features of the flow-induced orbital motion further.
In drilling engineering, if the vertical annulus is very long, the axis of the inner pipe and the well
can be regarded as parallel with each other. The rotation of the inner pipe can be treated as driven
only by an externally imposed torque. Then, what is the state of motion of the inner pipe under this
condition? To elucidate this, the two special states of the orbital motion where FX = 0 or FY = 0
are analysed.

At every �, the value of 
 corresponding to FX = 0 or FY = 0 is plotted in Figure 13 (as real
lines), mainly according to the data in Figure 10. For the line of FX = 0, the maximum � plotted
is 0.85, because when �>0.85, at any intensity of the orbital motion FX is always positive. The
maximum � on the line for FY = 0 is 0.999. It seems that as � approaches 1, the curve increases
sharply. The behaviour is analogous to that of an infinite discontinuity point.

Let us consider a so-called ‘free orbital motion’ of the inner cylinder, where only a torque
is imposed as an external force on the inner cylinder to drive its rotation, and the inner cylin-
der is making orbital motion with constant angular velocity and eccentricity. In this situation
the orbital motion is determined by the combined effects of the external imposed torque and
the force exerted by the surrounding fluid on the inner cylinder. If this type of orbital motion
does exist, then the corresponding relative intensity of orbital motion 
 must induce FY = 0
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and FX = FC on the inner cylinder, where FC is the centrifugal force on the inner cylinder per
unit length. The curve demonstrating � and the corresponding 
 when FX = FC (which can be
called ‘the radial equilibrium curve’) is related to the linear density of the inner cylinder. This
curve must position above the real line of FX = 0 in Figure 13. If the inner cylinder is making
so-called ‘free orbital motion’, the radial equilibrium curve must have an intersection with the
line FY = 0.

Obviously, this condition is not always satisfied. In the following context, four linear densities
for the inner cylinder are chosen to illustrate the different motion states of the inner cylinder, when
it is driven only by an external torque.

The density of the working fluid is assumed to be 1.0× 103 kg/m3 and the dynamic viscosity of
the fluid is � = 0.2 Pa.s. The inner radius of the outer cylinder is 0.10m, and the outer radius of the
inner cylinder is 0.05m. The inner cylinder is rotating with angular velocity � = 10.0 rad/s (in the
absolute frame of reference), and the axial pressure gradient driving the annular flow is 400 Pa/m.
Thus, the rotating Reynolds number is ReR = 125 and the non-dimensional axial pressure gradient
is � = 10/125, which are just the conditions adopted in our calculations. Four non-dimensional
linear densities for the inner cylinder are chosen as follows:

Case 1: �l = 24.5. The linear density is 61.26kg/m, corresponding to the situation that the inner
cylinder has a density of 7.8× 103 kg/m3.

Case 2: �l = 20.0. The linear density is 50.0 kg/m.
Case 3: �l = 16.0. The linear density is 40.0 kg/m.
Case 4: �l = 10.83, the same with that used in the calculations for Figure 11. The linear density

is 27.1 kg/m, corresponding to the situation that the inner cylinder is a pipe, with a wall thickness
of 10 mm and density 7.8× 103 kg/m3, with a fluid of density 1.0× 103 kg/m3 in it.

The radial equilibrium curves for the above four cases are also plotted in Figure 13. The curves
have four features: (1) for each linear density of the inner cylinder, there are always two branches
for the radial equilibrium curve which have different trends with increasing �. (2) A greater linear
density of the inner cylinder always corresponds to the lowest � that the lower branch of the radial
equilibrium curve begins with. This is because when the linear density increases, only at a larger
eccentricity can the inner cylinder reach a state with radial force balance. (3) When � is very
close to 1, in general, the upper branch of the radial equilibrium curve has a slope larger than that
for the curve of FY = 0. Since even the main part of the upper branch of the radial equilibrium
curve positions below the curve of FY = 0, it is reasonable to deduce that the two curves must
have an intersection point. (4) It seems that the lower branches of the radial equilibrium curve
and the curve of FY = 0 have a common intersection point (0.7, 0). Actually, this point should
be (�cr, 0) with �cr = 0.73 by analysing, which eccentricity corresponds to the situation of FX = 0
and 
 = 0.

For case 1, the upper branch of the radial equilibrium curve has an intersection point with it for
FY = 0, showing that if only a torque is exerted on the inner cylinder to drive it rotating with the
given rotating Reynolds number (ReR = 125) and eccentricity, actually the inner cylinder can be in
a state of force equilibrium owing to the interaction of the torque and the surrounding fluid. In this
case the corresponding � is 0.98. Because our calculations are taken under the ideal condition that
the axes of the outer and inner cylinder are parallel to each other, the above free orbital motion,
where � is so close to 1, has only theoretical meaning.

For cases 2 and 3, the eccentricities corresponding to the intersection point (the condition of
free orbital motion) are in the moderate range. Obviously, with decrease of the linear density, the
� corresponding to the situation of free orbital motion decreases too.
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Case 4 corresponds to the condition that the linear density of the inner cylinder is relatively
small. The radial equilibrium curve has no intersection point with the curve of FY = 0. Thus at a
given non-zero �, when the inner cylinder is rotating at the given intensity (ReR = 125), motion
state with radial and tangential force balance (both with respect to the orbit of the orbital motion)
cannot be achieved at the same time, no matter what speed of orbital motion the inner cylinder
has. Only in the concentric rotating case can the inner cylinder reach a state of force balance.

As to the above four cases, the inner cylinder can always reach a state of force balance in the
concentric rotation situation. However, only in the last case is the concentric rotation stable.

5. CONCLUSIONS

In this paper, annular flow is investigated numerically under the condition that the inner cylinder
is rotating with orbital motion. Experiments on this problem are rather limited, probably due to
the difficulties in doing so. Thus numerical approach is of great importance. A rotating frame of
reference is adopted which is fixed with the orbital motion of the inner cylinder. For the absence
of experimental data for validation, we consider the situation where the inner cylinder is rotating
concentrically for this purpose, which can be treated in both the absolute and the rotating frame.
The simulations in these different frames give equivalent results.

The effect of the inner cylinder orbital motion on annular flow is studied and the forces exerted
by the surrounding fluid on the inner cylinder are also analysed. The orbital motion of the inner
cylinder has significant influence on the flow patterns, flow drag and forces on the inner cylinder.
When the orbital motion has the same direction as the inner cylinder rotation, recirculation eddy
(which exists when � is not small) is inhibited with the enhancement of the orbital motion, and will
disappear totally when the orbital motion is strong enough. The variation of the flow drag with
respect to the orbital motion is not monotonic. When the orbital motion and the inner cylinder
rotation have the same direction, then along with the enhancement of the orbital motion, the
flow drag would decrease initially, and then turns to increase when a certain intensity of the
orbital motion is exceeded. In this condition the flow-induced resultant force FX and FY also
increases monotonically. When FY , which is the tangential component (with respect to the orbit
of orbital motion) of the flow-induced force on the inner cylinder, is zero, the annular flow seems
having a flow drag which is very close to the lowest drag that the annular flow can achieve
owing to the orbital motion, supposing the inner cylinder rotation and the eccentricity remain
unchanged.

Based on the discussion of the forces on the rotating inner cylinder with forced orbital motion,
some conclusions about the so-called ‘free orbital motion’ can be drawn. Owing to the action of
the surrounding fluid, the orbital motion, if it exists, would have the same direction as its rotation,
when the rotation of the inner cylinder is driven only by an external torque. This orbital motion is
activated mainly by the pressure on the surface of the inner cylinder. The boundary shear stress
plays only a minor role. When only a torque is imposed on the inner cylinder, its state of motion,
in which the forces on it are equilibrium, is related to its linear density. If the linear density is
small enough, only in the concentric rotating case can the inner cylinder reach a state of force
balance; if the linear density is in the moderate range, it may reach a state of force balance when
it is making free orbital motion; that is, making orbital motion with constant angular velocity
and eccentricity. When the linear density is large enough, the orbital motion of the inner cylinder
would have an eccentricity very close to 1.
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NOMENCLATURE

e displacement of inner cylinder axis from outer cylinder axis
f Fanning friction factor, −(�/�U 2)/(�p/�z)
FC dimensionless centrifugal force on inner cylinder per unit length,

FC/�(�RI)
2�

FXp ,FYp x- and y-component of the resultant force on the inner cylinder per
unit length caused by pressure, FXp/�(�RI)

2� and FYp/�(�RI)
2�,

respectively
FXs ,FYs x- and y-component of the resultant force on the inner cylinder per

unit length caused by shear stress, FXs/�(�RI)
2� and FYs/�(�RI)

2�,
respectively

FX ,FY FX = FXs + FXp, FY = FYs + FYp

M dimensionless torque exerted by fluid on the inner cylinder per unit
length, M/�(�RI�)2

p dimensionless pressure, p/�(�RI)
2

P dimensionless reduced pressure, P(x, y, z) = p(x, y, z) + �z
Re bulk axial Reynolds number, 2�U�/�
ReO Reynolds number based on the orbital motion, ���2/�
ReR Reynolds number based on the inner cylinder rotation, ��RI�/�
RI radius of the inner cylinder
RO radius of the outer cylinder
Ta Taylor number (��/�)2RI�

3

ux , uy , uz dimensionless component of velocity in the x, y, z direction, ux/�RI,
uy/�RI and uz/�RI, respectively

U bulk axial velocity
x y ,z dimensionless x-, y-, z- co-ordinate, x/�, y/� and z/�, respectively

Greek symbols

� dimensionless overall pressure gradient in the axial direction,
��/�(�RI)

2

� mean annular gap width, RO − RI
� eccentricity, e/�
� radius ratio, RI/RO

 relative intensity of orbital motion, ReO/ReR = ��/�RI
� fluid dynamic viscosity
� fluid density
� azimuthal location with respect to inner cylinder
�l dimensionless linear density of the inner cylinder, �l/��2

	SZ, 	SA dimensionless axial and azimuthal component of shear stress on the
surface of the inner cylinder, 	SZ/�(�RI)

2 and 	SA/�(�RI)
2 respec-

tively
� angular velocity of rotation of the inner cylinder in the absolute frame

of reference
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�′ angular velocity of rotation of the inner cylinder in the rotating frame
of reference

� angular velocity of orbital motion of the inner cylinder in absolute
frame of reference
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